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Abstract 

For a given differentiable map {x^y) — > (X(x, y), y)), which has an 
inverse, we show that there exists a Hamiltonian flow in which x plays the 
role of the time variable while y is fixed. 
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Let us consider a differentiable map 

^ (1) 

and assume that it has an inverse 

{XX) ^ {x,y)- (2) 

A small change of {x,y) causes a variation of (X, F). They are governed by 
where ■= d/dx, J^x '■= dX/dx, etc, or 



To be specific we consider the case in which y is fixed while x is changed. We introduce 
the notation 

Q{x) :=X(x,y), P{x) ■.= Y{x,y). 
Then from the variations of (Q, P) are given by 

dQ dP 

—r~ — 'JxXi —r~ — 'JxY- [p] 
ax ax 

We can prove the following: 

Proposition 1 

Let H he a function of {Q, P) which is given by 

ry{Q,P) 

H{Q,P)= {det J)dy, (6) 



and satisfies 

ox 

Then the following system of Hamilton's equations hold: 

dQ _dH dP _ OH 
dx dP ' dx dQ ' 



(7) 



Conversely, ifH{Q,P) satisfies Hamilton's equations, then it must be of the above form. 

Note that the value x plays the role of time variable of this system. The proof is straight- 
forward. Applying to H yields 

dQH\ ,-i(d.,H 
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If we impose the condition that H satisfies 



dyH J V JxX 

and compare with the Hamihon equations (0) follow. To solve for H, we multiply 
J from the left and obtain 



dyH J V JxX 



dx dy dy dx 



hence 



dX dY dX dY 
dx dy dy dx 



d^H = 0, dyH = —— —— = det J. 



Therefore is obtained, (q.e.d.) 

This paper is motivated by an observation found by one of the authors (A.S.) during 
the study of the quantized Henon mapS, and generalizes the result to a wide class of maps. 
Before closing let us present the case of the Henon map, which is defined by 

Since det J = 1, we have simply H = y + const, hence 

H{Q,P) = -Q + c. (11) 
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